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Basics

Equations and Relationships Used to
Study the Interactions of
Electromagnetic Fields and Charged
Particles
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Basics

Maxwell’s Equations
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Magnetic Field

Electric Field

Charge Density

Current Density
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Basic Formalism

Maxwell’s Equations
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Basic Formalism

Lorentz Force

F :e(E+\7>< §)

* Describes interaction of charged particles with
electromagnetic fields
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Basic Formalism

Lorentz Force

F =¢(E +vxB)
¢ Electric Field for Acceleration
s Force Parallel to Field

+ Magnetic Field for Steering
= Force Perpendicular to Field and Particle Direction

+ For arelativistic particle, the force from a 1 Tesla
magnetic field corresponds to an electric field of
300 MV/m
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Basic Formalism

Energy
E=E,+E_

Rest Energy: E, =m,c?
Relativistic Parameter: 7 = E E,
Velocity: V=[x
Relativistic Mass: m=—To

: T Ve
Energy ineV: 1eV =0.16-10°8 ]
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Circular Motion

¢ Circular Motion in a Magnetic Fielc

= Centripetal Force

s Lorentz Force
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Quadrupole

Focusing
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Quadrupole

+ Gradient \% & ’
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Equations of Motion

Coordinate System

* Curvilinear System individual particle trajectory

* Motion Relative ldeal Path y /G
¢ Curvature Vector, « S
B y ideal path
_d?S(s) X
K =— > p
ds

£ =(K,05,) = (-X'~y")
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Equations of Motion

F =% _eyxB] o,
dr
r=0lv,
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Equations of Motion

X', y'<<1 Linear Approximation

p, = Pyl-X?—y? ~ p

p, = pX’
X’— dX B a
— Y
ds
ds~do=v_dr :
!
By X ey o "
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Equations of Motion

K, =—X"=~ A B,
e P
—B, )
P K, =—Yy ~—-—B,
5 P
1 Local Bending Radii
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Equations of Motion

Ideal Path Determined by Bending Magnets
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Linear Beam Dynamics

x — dY Only Dipole and
B. =B, +0x Quadrupole Fields
y yo
x”+£i2+ kojx =0
Po Equations of Motion
y” o koy =0

Strength Parameter
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Linear Beam Dynamics

u"+ Ku=0 Homogenous Equation
C(s)= cos(\/R s)

K>0=+« isin(ﬁs)

S(s)=
5(5)- 7
(C(S) = COSh(\/mS) Principle solutions

K<O:><S(s):i 'nh(\/mS)

\/WSI
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Linear Beam Dynamics

S (()) ~0 Initial Conditions
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Linear Beam Dynamics

Yo Initial Parameters
Us
U(S) = C(S)UO + S(S)U(') Linear Combination of
U'(S) _ C'(S)U n S'(s)u’ Principle Solutions
0) 0]
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Linear Beam Dynamics

u"+K(s = 15
o(s) Dispersion Treated
as Perturbation
u(s)=aC(s)+bS(s)+eD(s) Term

u'(s)=aC’(s)+bS’(s)+oD'(s)
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Matrix Formalism

2007
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Matrix Formalism

Drift Space

u(s)] [1 s—s, | u(s,)
u'(s)| |0 1 |u'(s,)
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Matrix Formalism

Quadrupole Magnet

p =0
koo(s);tO
e 1. _
=05 1) f"’ Wﬂ“ﬂ Focusing
- =4k siny COSy °
e | cosh is'nh
ko =[ko| < 0= 3((33)) = Y k| v B((SS)J Defocusing
. _Msinhy/ coshy °
v =k|(s—s,)
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Matrix Formalism

Quadrupole Magnet

o=l

1 .
CoS @ sing
Mer (I‘O): \/K
—Jk,sing  cosg
cosh ¢ ——Sinh g
Moo (I‘O): ‘kO‘
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Matrix Formalism

Thin Lens approximation

| << f
| >0

f * =k, =const.

goz\/Kl—)O

-1
f~=k]I>0 Focusing Plane

_1 . .
F= =kl <0 Defocusing plane
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Matrix Formalism

Quadrupole Doublet

M =M, MM, =

1 ofr L 12 o] [ 1 oOf1-L/f, L]
I Ed I B

Q1 Q2
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Matrix Formalism

Symmetric Beam Line

2ac ad +cb

sy
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Matrix Formalism

Symmetric Quadrupole Triplet

M =

f = f

1-212/f2

2:]c

2L(1:+ L/f)
~2(1- L/f)% 1-21°%/f2
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FODO channel

Focusing
as long as f>L




Beams and Phase Space

X2+ 20X+ X =¢ X'

A= jdxdx’:ﬂg

ellipse

ﬁ tan¢:2_a
ar= Py—a’ =1 y=pB .
V.
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Beams and Phase Space

XOX —l_ﬂOXO

0]

Y X2 + 20
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X' | [C(s) S'(s)] X
(525, —25'C'er, +C"? 3, ]X°
+2(=SS'y, +S'Ca, +SC'ar, —CC'3, Jxx’
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Beams and Phase Space

y=C"?B —2S'C'a, +S"°y,
o =-CC'B, +(S'Ca, +SC')r, —SS'y,
B=C*B —2SCa, +S?y,
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Beams and Phase Space

CZ
—CC’
CIZ

—25C
S'C+SC’
-25'C’
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Beams and Phase Space

Drift Space
Bl 1 =21 128,
a|=0 1 -—l|ea
7] |0 O 17

Beam walist when o=0

Yo
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Beams and Phase Space

Focusing

11V L few

RN

Diverging Converging Waist Diverging

G. LeBlanc Cheiron 2007



Betatron Functions

u(s)=+'e+ B(s)cosly(s)-w,| Ansatz

U =+e \ﬂm (v —w,)-e/Bsin(y —v, '

e ﬁ]i/zzﬂ cos(y —y, )- fTSln(w N %

—NeJBsin(y —y, " —Vepscosly —y, '
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Betatron Functions

u"+k(su=0=

i(ﬂﬂ"—iﬁ'zj—ﬂzw'z + %k =0 Sum of sine and
2 2 cosine terms

Bv'+py"=0= must vanish
Py =const =1

¢ ds .
w(s)=[—~+v. Phase function

) B(s)
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Betatron Functions

ﬂ(C):S]C as Phase Advance
. B(s)

1 ds
V — Tune
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M(s+ Lp\s):
41 T
a|=|-CC’
r] | C”

Betatron Functions

'C S| Full lattice period
_C’ S’_
~25C  S? [[ay B
SC+SC" —-SS"|| g, =M, | a,
—2S'C’ S'? 70 | ' 7o |
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Betatron Functions

General Periodic Solution from Eigenvector Equation

M, -1)5=0=
(C?-1)p-25Ca+S% =0
CC'B—(S'C+SC'—1)a+SS'y =0
C’28-25C'a+(S2=1) =0
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Betatron Functions

Symmetry Point

cosu  psinu

= 1 .
M ——sinu  CcoS
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Beam Optics

x 107 Particle Trajectories

N
T

+ Particle motion
determined by
magnetic lattice

¢ Studied using
simulation
software

N
T

[m

'
N
T
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Beam Optics

¢ Machine S

Functions - N

s Beam Motion
s Beam Size

s Beam
Emittance
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Beam Optics

+ Response Matrix Faspansa Wit
= Probe the Machine with |

the Beam b
= Calibrate Models -
A5.
A ) .
50 . |
e H
- . _F_J_q; i0
0. e
T H.____,—F - A
EFt Hor e 0
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